We study electronic states and topological invariants of (001)-films of topological crystalline insulator (TCI) PbxSn1−xTe. Gapless surface Dirac cones on bulk TCIs become gapped in thin films due to finite-size effect, which is hybridization between those on the top and bottom surfaces. We clarify that the TCI film has the strong finite-size effect as compared to three-dimensional topological insulators such as Bi2Se3. Moreover, the energy gap oscillates with the thickness of film. The oscillation stems from topological phase transitions in two dimensions. The obtained data of the topological invariants and energy gap serve as guide to TCI-device applications.
I. INTRODUCTION
Topological insulators (TIs) are a new state of matter which supports Dirac fermions on its surface and exhibit novel phenomena resulting from the Dirac fermions.
1-3
A prototypical TI is quantum Hall insulator in which time-reversal symmetry is broken. In recent years, on the other hand, time-reversal symmetric TI has attracted much attention. Interestingly, symmetry, e.g., timereversal, gives rise to nontrivial topological number and related topological phenomena. Various symmetries in condensed matters are expected to yield diverse topological materials.
Surface Dirac fermions on TIs are protected by timereversal symmetry. Nowadays, so-called topological crystalline insulators (TCIs), 4 which are a nontrivial insulator supporting surface Dirac fermions protected by crystal symmetry, has been proposed 5 and experimentally discovered [6] [7] [8] in IV-VI semiconductors. Topological protection by crystalline symmetry enables us to find new topological systems even in insulators which have been thought to be topologically trivial. Moreover, the mechanism different from that of TI can lead to different topological phenomena. Indeed, many materials 9-13 and theoretical studies [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] on TCI have been reported. Furthermore, superconductivity 25 and its topological nontriviality 26 in a doped TCI has been observed and attracted attentions.
27-33
TCIs are not so robust since the crystal symmetry can be easily broken by an external field. Nonetheless, this behavior can be applied to a highly controllable device: an external electric field breaking the crystal symmetry may control the gap of the surface Dirac fermions. Note that this is a great advantage for device application. TI device, in principle, can be realized but needs a magnetic field, which is not convenient in a nano-sized system, to open and control energy gap in the surface Dirac fermions. An electric field is, on the other hand, easily implemented in devices, such as field-effect transistor.
From the perspective of topological material design and its application, nano-fabrication, e.g., thin film and heterostructure, is one of the most promising ways: amount of career in thin films can be highly controlled by applying gate voltage, and electronic states and its dimensionality can be dramatically tuned in heterostructures. Indeed, there exists many studies on thin films [34] [35] [36] [37] [38] [39] [40] [41] [42] [43] [44] [45] and heterostructures [46] [47] [48] [49] [50] of TIs. Furthermore, several studies on nano-fabrication of TCIs have been reported; field-effect devices with using TCI, 51-53 TCI heterostructure, 54 and experimental fabrication of TCI films. [55] [56] [57] Now device application of TCIs is becoming active.
In this paper, we study electronic states and topological invariants of thin film of Pb x Sn 1−x Te. In the thin film, the surface Dirac cones become gapped since the wave functions of the top and bottom surface states hybridize with each other. As the number of layers N z increases, the induced gap decays exponentially but slowly as compared to TIs such as Bi 2 Se 3 . For the odd numbers of layers, we find that the energy gap shows a damped oscillation as a function of N z , which stems from two types of topological phase transition in two dimensions: one is that between a trivial to two-dimensional TCIs, and the other is that between two TCIs. The former transition is in agreement with that obtained in Ref. 52 . And also, a similar damped oscillation of the energy gap is found in the even numbers of layers, which accompanies another topological phase transition. These non-monotonic change of the energy gap and topological phase are qualitatively and quantitatively clarified. Our results are useful for experiments on thin films of TCIs.
The paper is organized as follows. In Sec. II, we present electronic states of a (001)-film of Pb x Sn 1−x Te. Thickness dependence of the energy gap is closely shown. The causes of this dependence are resolved in terms of topological invariants in Sec. III. Gapless edge states related to the topological invariants are also clarified. Finally we summarize our results in Sec. IV. The details of the model Hamiltonian, symmetry, and the topological numbers are explained in Appendices. 
II. ENERGY GAP INDUCED BY FINITE-SIZE EFFECT
Bulk Pb x Sn 1−x Te is a TCI, which supports gapless Dirac cones protected by the (110)-reflection symmetry. Firstly, we review the gapless surface states on the bulk system. Next, we show extensive data on the energy gap induced by the finite-size effect in thin films of Pb x Sn 1−x Te.
A. Gapless surface states on the bulk
We use a model Hamiltonian of IV-VI semiconductors with s, p, and d orbitals. 58 The fcc crystal structure and the corresponding first Brillouin zone are illustrated in Fig. 1 .
The bottom of conduction band and top of valence band are located near the L points. The L points are projected onto theX points on the (001) surface. (001) surface is explicitly shown in Appendix A 1. The Dirac cones are protected by the mirror Chern number in the (110) surface.
5 On the contrary, there is no gapless surface states along theXM norΓM lines.
B. Strong finite-size effect in SnTe
Next we turn to energy gap in the (001) thin film. A wave function of the gapless surface states decays exponentially into the bulk ψ ∼ e −z/ξ with the penetration depth ξ. For the thin film case, the tails of wave functions of the surface states localized on the top and bottom surfaces overlap with each other. In consequence, energy gap (∼ e −Nz/ξ ) of the surface states is induced due to the finite-size effect. The induced gap for TCI SnTe film are shown in Fig. 3 . The induced gap for TI Bi 2 Se 3 film, and energy gap for a trivial insulator PbTe film are also shown as a reference. The energy gap of PbTe film is nearly independent of the thickness, and reaches to be 0.2eV which is the magnitude of the bulk gap, since PbTe has no gapless surface state. On the other hand, the energy gap of SnTe film decreases exponentially (ξ ∼ 10 layers ∼ 30Å) and oscillates as the thickness increases. We firstly focus on the damping part. The oscillation part will be discussed in the next section. In the thick limit, the energy gap of SnTe vanishes and gapless surface Dirac cones are reproduced on the (001) surface. As a reference, the energy gap of Bi 2 Se 3 film is shown. The energy gap decreases and oscillates more quickly (ξ ∼ 1 quintuple layer ∼ 10Å) than that of SnTe film. The difference comes from crystal structure: SnTe is a cubic crystal, and Bi 2 Se 3 is a rhombohedral crystal with quintuple layered structure. Namely, in SnTe, all the bondings are equivalent. But in Bi 2 Se 3 , the bonding between the quintuple layers is weak. This is the reason why the finite-size effect in (001) thin film of SnTe is much stronger than that of Bi 2 Se 3 . We quantitatively clarify the magnitude of the finitesize-effect induced gap in Pb x Sn 1−x Te thin films (Fig. 4) . For x ≥ 0.75, the system is in the trivial phase. As the thickness increases, the energy gap decreases exponentially and converges to be the bulk band gap (0.2eV for PbTe and 0.08eV for Pb 0.75 Sn 0.25 Te) in the thick limit. At 0.5 < x < 0.75, the topological phase transition occurs and the system falls into the TCI phase in x ≤ 0.5. In the TCI phase, the energy gap decays as ∼ e −Nz/ξ . As can be seen from Fig. 4 , the decay ratio of the energy gap (∼ ξ −1 ) is proportional to the distance from the topological phase transition point. Just at the transition point (0.5 < x < 0.75), the energy gap decays extremely slowly (ξ → ∞).
C. Oscillation of the energy gap
The calculated results shown in Figs. 3 and 4 exhibit oscillation of the energy gap for the TCI films in addition to the exponential decay as a function of the thickness. Such a damped oscillation is known to exist in TI Bi 2 Se 3 .
34-41 Moreover, an even-odd effect also appears in the energy gap (see SnTe in Fig. 3 ). This behavior is understood intuitively as follows: the top and bottom layers are the same (different) for odd (even) numbers of layers of the (001) film. Actually, the even and odd numbers of layers have different symmetries and are characterized by different topological invariants, as we shall see in Sec. III.
Here we show the details on the oscillation for odd numbers of layers of Pb x Sn 1−x Te (Fig. 4) . In the trivial phase (x ≥ 0.75) the energy gap does not oscillate . At the topological phase transition point (located at 0.5 < x < 0.75), the energy gap closes in N z → ∞, i.e., the period of the oscillation is regarded to be infinity. Apart from the transition point, x ≤ 0.5, the period becomes shorter, and takes to be about 20 layers for x = 0. On the other hand, the period of the oscillation in Bi 2 Se 3 is about three quintuple-layers, which is one order of magnitude shorter than that of SnTe. Namely, in materials with the strong finite-size effect, the magnitude of the energy gap slowly decays and oscillates with a long period as a function of the thickness. Note that the period in TI films is given by ∼ m 0 /B, 36 where m 0 and B correspond to the magnitude of bulk band gap and effective mass, respectively. Away from the topological transition point, the bulk band gap becomes larger and the period becomes shorter. The tendency of the period for TCI films is consistent with that of TIs.
D. Discussion
To summarize the finite-size-effect-induced energy gap of TCI films, a damped oscillation occurs in the energy gap as a function of the thickness, whose period is about 20 layers (∼ 60Å). A TCI film has an advantage over the bulk system: bipolar transport can be realized with applying a gate voltage. The Fermi level can be tuned also to the Dirac point on the surface states of the bulk TCI. Our result shows the penetration depth of wave function of the surface states in the film is about 10 layers (∼ 30Å). In order to use Pb x Sn 1−x Te film as a threedimensional TCI, the number of layers must be set to N z 10. Alternatively, it is useful that the thickness is set to the hot spot (for SnTe, N z ∼ 20Å, 40Å, 80Å, 120Å, · · · , see Fig. 3 ) which is a minimal value in the damped oscillation.
With decreasing the thickness, the system crossovers from three-dimensional to two-dimensional insulators around N z ∼ ξ ∼ 10, energy gap of the surface states becomes larger. The crossover is schematically summarized in Fig. 5 . In exchange for gapless surface states, the thin film works as a two-dimensional TCI with onedimensional edge states, which will be explained in the next session.
III. TOPOLOGICAL PHASE DIAGRAM
In this section, we show that oscillatory behavior of the energy gap found in the previous section stems from topological phase transitions, i.e., the energy gap takes a minimal value in the vicinity of the transition point. The corresponding gapless edge states are also discussed. The film has the (001)-reflection symmetry defined by
where H is Hamiltonian of the film, P z is the (001)-reflection operator acting on the orbitals, s z is the zcomponent of spin, c n is the annihilation operator in the n-th layer for n = 1, · · · , N z , and η is a phase factor as η = −1 for N z = 4m − 3, N z = 4m − 2, and η = +1 for N z = 4m − 1, N z = 4m with m ∈ N. Since the (001)-reflection symmetry is preserved in the odd numbers of layers, 52 one can define the mirror Chern number. Additionally, the (001)-reflection symmetry can be extended to the even numbers of layers, as explained in Appendix B. As a result, the Hamiltonian of the even and odd numbers of layers is decomposed into the mirror-even H + and mirror-odd H − sectors, which has the definite mirror eigenvalue of M = +i (mirror-even) and M = −i (mirror-odd), as
with the projection operator P ± onto the mirroreven/odd sector
with |±, m being the m-th eigenvector of M with an eigenvalue of ±i.
Differently from the odd numbers of layers, since timereversal symmetry is preserved in each mirror sector for the even numbers of layers (see Appendix B 3), the mirror Chern number vanishes. Instead, we introduce a topological invariant characterizing bulk energy bands and gap in the even numbers of layers. The results for the even and odd numbers of layers are summarized in Fig. 5 . The details are explained in the following sections.
A. Odd numbers of layers
Phase diagram
The topological phase of the odd numbers of layers is characterized by the (001)-mirror Chern number N M , 52 which is defined by
where N + and N − denote the Chern number for the mirror-even and mirror-odd sectors, respectively. N ± is calculated by the method proposed in Ref. 59 . The obtained topological phase diagram for the odd numbers of layers is shown in Fig. 6 with the magnitude of the energy gap. For the odd numbers of layers of SnTe film with N z ≤ 3 and N z ≥ 5, the mirror Chern number N M is obtained to be N M = 0 and |N M | = 2, respectively. The topological phase transition occurs between N z = 3 and N z = 5. At this time the band gap closes at thē X point. 52 This is why the energy gap takes a minimal value between N z = 3 and N z = 5. The same tendency is seen for x = 0.25 and x = 0.5: the topological phase transition from trivial to |N M | = 2 insulators occurs at 7 < N z < 9 for x = 0.25 and at 21 < N z < 23 for x = 0.5. On the other hand, for x ≥ 0.75, there exists no non-trivial phase for any N z .
Edge state
Next we investigate detail electronic states of the (100)-edge states. The one-dimensional projected Brillouin zone onto the (100) edge is defined in k y ∈ [−π, π] as illustrated in Fig. 5(d) . Edge spectral function ρ ± (k y , E) in each mirror sector is defined by
in the semi-infinite system, 60 whereH ± (k y ) = P ±H (k y )P ± is the Hamiltonian in each mirror sector andH(k y ) is a Hamiltonian of the film with (100) defined in Appendix A 2. The edge charge ρ ±,c (k y , E) and spin ρ ±,s (k y , E) spectral functions for the mirror-even and mirror-odd sectors are defined by
The spin and mirror resolved edge density of states (DOS) ρ ±,s is given by
The calculated results for the mirror-even sector are shown in Fig. 7 . The thickness is set to N z = 7, where the mirror Chern number is obtained to be N M = 2. The charge spectral function [ Fig. 7 (a)] clearly show two branches of gapless mirror-chiral edge states, which are protected by the mirror Chern number N M = 2. As the edge states have been expected to be spin-filtered, 52 we evaluate the spin spectral function [ Fig. 7(b) ]. This indicates that the gapless edge states in the left and right branches are composed of spin up and down, respectively. Both edge states with spin up and down can go to the same direction, i.e., the spin of edge states is not completely but partially filtered. In the edge DOS, spin polarization is estimated to be (ρ +,↑ − ρ +,↓ )/(ρ +,↑ + ρ ↓ ) ∼ 0.1 within the bulk gap as shown in Fig. 7(c) .
In the present system, the (001)-reflection operator M is given by Mc n M † = ηM c Nz+1−n and M = −iP z s z [see Eq. (1)], which depends not only on spin but also on orbitals and layer: spins of p x -and p y -orbitals are canceled with that of p z -orbital in the (001)-reflection, and the reflection is nonlocal with respect to degrees of freedom of layer n. As a consequence, the (001)-reflection operator
Number of layers N z even number of layers odd number of layers trivial insulator
The two-dimensional gapless surface states (b) has a large gap in thin film of Nz < ξ ∼ 10 (c). The mirror-Chern phase |NM| = 2 supporting the mirror-chiral gapless edge states and the |ζM| = 2 phase, which is defined by Eq. (11), supporting the mirror-helical gapless/gapful edge states, are realized for the odd and even numbers of layers, respectively. Energy dispersions of the edge states are schematically shown. The (red) solid and (blue) dashed line denote those of edge states in the mirror-even and mirror-odd sectors. In the thin limit, the system falls into a trivial insulator. The two dimensional and the projected one-dimensional BZs are illustrated in (d). Fig. 6(b) ]. This stems from the sign-change of the mirror Chern number at these minima, where the band gap closes simultaneously at two momenta away from theX point. Note that there is an ambiguity on the sign of the mirror Chern number since the phase factor of the reflection operator M is arbitrary. The phase is fixed to η in Eq. (1). Validity of this choice is proven by confirming the detail structure of energy dispersion for the edge states shown in Fig. 8 . The finite-size-effect induced gap is located at k y ∼ 0.91π, and there exists gapless edge states within the gap. In the N M = 2 phase, the group velocity of the edge state in the M = +i sector is negative [ Fig. 8 by ζ M = (ζ + − ζ − )/2 with
and
where P stands for the path-ordering. The non-Abelian Berry connection A ± is defined by 61, 62 [
where |k x , k y , ±, m is an eigenvector of the Hamiltonian H ± (k x , k y ), and m, n are the occupied band indices. Matrix B(k y ), which is defined by
is attached in Eq. (11) so that ζ M is invariant for gauge transformation and symmetry operations of the system. ζ M introduced above is a Z topological invariant, which is explained in Appendix C. A numerical recipe for ζ M is given also in Appendix C. The calculated topological invariant are shown in Fig.  9 with the energy gap. In the thin limit, the topological number is obtained to be ζ M = 0. As the thickness increases, the energy gap takes a minimal value at 12 < N z < 14 for SnTe, at 18 < N z < 20 for Pb 0.25 Sn 0.75 , and at 40 < N z < 42 for Pb 0.5 Sn 0.5 Te, when the topological number changes from ζ M = 0 to |ζ M | = 2. The change of topological invariant must be associated by bulk gap closing. This is why the energy gap exhibits minima as the thickness increases in the even numbers of layers.
Here we discuss gapless one-dimensional edge states on the (100) edge [see Fig. 5(d) ] in the case of |ζ M | = 2. Figure 10 shows the edge charge spectral function ρ +,c (k y , E) for the mirror-even sector in the even numbers of layers of SnTe film. There are gapless mirror- helical edge states at k y ∼ π for |ζ M | = 2. One can see degeneracy of the edge states at the zone boundary k y = π in Fig. 10(a) , which is protected by the time-reversal symmetry defined in Appendix B 3. Figure 10(b) shows the total edge-charge-spectral function ρ +,c (k y , E)+ρ −,c (k y , E). Degeneracies of the edge states at k y = π are protected by the (001)-reflection symmetry. Both time-reversal and (001)-reflection symmetries are necessary for gapless edge states in the case of even numbers of layers.
The gapless edge states is, however, not robust: it is removed without bulk gap closing. As illustrated in Fig.  11 , two branches can be merged and become gapped continuously without any gap closing. Although the system has the nontrivial topological invariant ζ M , it has no bulk-edge correspondence. Equation (11) is a topological number protected by a complex symmetry involving spatial inversion symmetry (see Appendix C 2), which is preserved in the bulk but not in the edge. Namely, a Fig. 10(a) . 
C. Discussion
In the thin film, the mirror Chern insulator of |N M | = 2 with robust gapless mirror-chiral edge states and |ζ M | = 2 insulator with gapless/gapful mirror-helical edge states are realized for the odd and even numbers of layers, respectively. Experimental evidence of these edge states is quantization of two-terminal charge conductance G xx of the order of G xx ∼ e 2 /h, e.g., Fig. 7(a) ] and G xx = 8e 2 /h for N z = 20 ( Fig. 10) in the ballistic limit.
What is a quantity directly related to N M or ζ M ? One of the candidates is mirror Hall conductance, which is defined by G M,xy = G +,xy − G −,xy , where G ±,xy denotes charge Hall conductance in each mirror sector. In the odd numbers of layers, the gapless mirror-chiral edge states result in the quantized mirror Hall conductance G M,xy = 2N M e 2 /h. On the contrary, the mirror Chern number, i.e., the mirror Hall conductance vanishes (N M = 0) in the even numbers of layers since the system has time-reversal symmetry in each mirror sector and the corresponding edge states are mirror-helical. If one measure the mirror Hall conductance, the |N M | = 2 and |ζ M | = 2 insulators can be distinguished from each other.
Note that it is difficult to detect the mirror Hall conductance experimentally since mirror is not observable. In single band systems, the (001)-reflection operator M can be identified to spin as M = −is z , i.e., mirror Hall conductance is equivalent to spin Hall conductance. In multi-orbital systems, on the other hand, the (001)-reflection operator depends on orbitals. Spins of each orbital can be partially canceled in each mirror sector. In fact, we found that the gapless edge states in each mirror sector for the |N M | = 2 phase has partial (about 10%) spin polarization. This leads to a (not quantized) finite value of z-component spin Hall conductance, which is an evidence of the |N M | = 2 phase. Besides, to find phenomena directly related to the mirror Chern number is an important remaining issue.
It is also a challenging study to characterize |ζ M | = 0 insulators by physical quantities since it has no robust gapless edge state. The relevant system is inversion symmetric insulator in odd spatial dimensions, in which the topological number does not guarantee the existence of gapless edge states but mid-gap entanglement modes 63, 64 and the magneto-electric crossed response. 64 In this case, the topological number is equivalent to the magnetoelectric polarizability.
65 Unfortunately, such a nontrivial response has not been found in even spatial dimensions. To make matters more challenging, the topological number ζ M is protected by a combination of mirror-reflection, time-reversal, translation in the reciprocal space, and inversion symmetries. Such a crystalline topological number in even spatial dimensions also should be made a correlation to physical phenomena.
For transport measurement and device application, it is necessary to study effects of surface roughness of the film. We have shown the non-monotonically thicknessdependent energy gap and two-dimensional topological number. The even numbers of layers has the topological number different from that of the odd numbers of layers. These suggest that surface roughness can crucially affect the topological phase and resulting transport phenomena. This issue should be discussed elsewhere.
IV. SUMMARY
In summary, we have elucidated electronic states and topological invariants in a TCI Pb x Sn 1−x Te film. Energy gap of the film shows damped oscillation as a function of the thickness. We have also clarified that the oscillation of energy gap originates from the change of topological number from trivial to Z invariants. This structure is richer than that of Z 2 TIs such as Bi 2 Se 3 , in which only Z 2 phase can be realized in the film. In contrast, the topological numbers of the TCI film can be tuned to the (signed) mirror Chern number N M = ±2, and also to |ζ M | = 2, by tuning the number of layers of film. The obtained data may provide essential support for understanding electronic states and transport properties of the film, which depend non-monotonically on the number of layers.
Grant-in-Aid for Scientific Research B (no. 25287085) from Japan Society for the Promotion of Science (JSPS). 
10 × 10 matrix dadc has ten nonzero diagonal and four nonzero off-diagonal elements given by
where i, j = x, y and i = j. dcdc and dada are 10 × 10 diagonal matrices whose elements are given by E dc and E da , respectively. Matrix t z is given by 
Here, the basis is taken to be ( |s, c,
In the actual calculations, the parameters are taken from Ref. 58.
Model for (001)-film with (100)-edge
A model Hamiltonian for the film with (100)-edge can be obtained in a similar manner to the previous case:
The resulting Hamiltonian has the form as 
The on-site energy˜ is given bỹ
The hopping along (001)-direction t z is the same as that defined in the previous section. The hopping along (100)-direction t x is given by
with t ss defined by Eq. (A22) and (
where phase factor η is defined in Eq. (1) . Note that the above discussion is applied also for the even numbers of layers, nevertheless the actual lattice with even number of layers does not have (001)-reflection symmetry. This is because the system has in-plane translational symmetry. The Hamiltonian H is expressed in the momentum (k x , k y ) space so that the translational symmetry is implemented in H. Namely, the microscopic positions of cation and anion are no longer distinguished in H(k x , k y ). In this sense, the even number of layers has the (001)-reflection symmetry.
With the help of the (001)-reflection symmetry, Hamiltonian H can be decomposed into two mirror sectors:
with the mirror-projection operator P ± = m |m, ± m, ±|, M|m, ± = ±|m, ± , and |m, ± denotes the m-th eigenvector of H ± .
Periodicity
The projected Brillouin zone is given by |k y | ≤ 2π − |k x |, k x ∈ [−2π, 2π]. The reciprocal lattice vectors are defined by G 1 = 2π(e x + e y ) and G 2 = 2π(−e x + e y ) with e x = (1, 0) and e y = (0, 1). However, the Hamiltonian does not have the trivial periodicity: H(k) = H(k + G i ). In order to retain the periodicity, a gauge transformation U is needed. Periodicity of and t z gives following relations,
where U is the operator giving a negative sign to wave functions of the anions. Consequently, periodicity of the film is satisfied as
with
The negative sign factor changes the periodicity in each mirror sector: in the case of odd (even) numbers of layers, U (anti)commutes with M.
Thus 2π periodicity H ± (k) = UH ± (k+G i )U † is satisfied only for the odd numbers of layers. On the other hand, for the even numbers of layers, the Hamiltonian has the doubled periodicity The periodicities can be directly confirmed in the (10)-edge spectral functions shown in Fig. 14 
Time-reversal symmetry
The system has time-reversal symmetry,
with Θ = −is y K. Matrices (k) and t z has the following relation,
TheΓ andM points are time-reversal invariant momenta (TRIM), but theX point is not. AtX: (π, π) = G 1 /2 and Y: (−π, π) = G 2 /2 points, the different time-reversal symmetry is satisfied as
withΘX = UΘ. Similarly to the periodicity in the previous section, the negative sign factor changes the symmetry in each mirror sector.ΘX (anti)commutes with M for even (odd) numbers of layers;
Definition
Each mirror sector for the even numbers of layers have the doubled periodicity Eq. (B9) in the momentum space. The Brillouin zone is also doubled (−2π ≤ k x , k y ≤ 2π) as denoted by the solid lines in Fig. 15 . We define a topological number ζ M = (ζ + −ζ − )/2 in the even numbers of layers in the doubled Brillouin zone, where ζ ± is defined by the winding number of the Wannier center;
The Wannier center θ ± is obtained from the Wilson loop as
The non-Abelian Berry connection A ± (k) and matrix B ± (k y ) are given by
where matrix V ± (k x , k y ) is defined by
with |k x , k y , m, ± , m = 1, · · · , 2N ± , an eigenvector of the Hamiltonian for occupied states. Here m is an occupied band index in each mirror sector, and N ± is the number of the occupied states. For numerical calculation, the following discretized form is useful,
where
with k i = −π + 2πi/N x and i = 0, · · · , N x . Note that, in the numerical calculation, the following must be explicitly taken into account to preserve gauge symmetry.
Symmetry
Quantity related to physical phenomena must be gauge invariant. Here we show the topological number ζ ± is invariant under U(2N ± )-gauge transformation. Furthermore, we explain that this number is quantized to an integer protected by spatial inversion symmetry.
a. Gauge symmetry
, the non-Abelian Berry connection is transformed to
and its integral of U(1) part is given by
And also, matrix B ± (k y ) is transformed to
These relations proves that the Wannier center θ ± (k y ) is gauge invariant.
b. Inversion symmetry
Inversion symmetry is preserved in both the even and odd numbers of layers (see Appendix B 4), i.e., inversion operator P can be restricted onto the space spanned by the 2N ± occupied states; P → P ± ≡ P ± PP ± ∈ U(2N ± ). The eigenvectors are transformed to
Therefore, one obtains
namely the Wannier center satisfies the following relation,
This means that a winding number defined in the entire Brillouin zone (−2π < k y < 2π, region I ∪ II in Fig.  15 ) is twice as large as that in half the Brillouin zone (0 < k y < 2π, region I in Fig. 15 ). This is why the topological number ζ ± is defined in 0 < k y < 2π in Eq. (11) . Moreover, at the spatial-inversion invariant momenta k y = 0 and k y = 2π, the Wannier center is fixed to θ ± (0), θ ± (2π) = 0 or π, which removes 2nπ-ambiguity in the winding number. As a result, the winding number ζ ± is proven to be a Z topological invariant.
c. Time-reversal symmetry
Time-reversal symmetry Eq. (B10) is preserved in the system but not in each mirror sector:Θ interchanges the mirror-even and mirror-odd sectors as
with T being a skew matrix. As a result, the Wilson loop satisfies
which implies that the Wannier centers in each mirror sector are not independent,
Equations ( where V ± (2π, k y ) = V ± (−2π, k y ) is fixed due to Eq. (B9) H ± (k) = H ± (k + G 1 + G 2 ). The Wannier center θ ± (k y ) = Im ln det D ± (k y ) satisfies the following relation,
since D ± (k y + π) = TXD T ± (−k y + π)T
−1 X
. Namely, a topological number defined in entire region I (−2π ≤ k x ≤ 2π, 0 ≤ k y ≤ 2π) in Fig. 15(a) vanishes. In order to extract nontrivial contribution of topological number, the domain is divided so that one half of Kramers pair is picked up. There are two ways to divide region I. One is I → III + IV [ Fig. 15(b) ]. That defined in region III [ Fig. 15(c) ] is the Z topological invariant, which is already introduced in Eq. (C1). The other is I → V + VI [ Fig. 15(d)] . A topological number ν ± defined in region V [ Fig. 15(e) ],
is a Z 2 topological invariant, since eigenvalues of D ± (π) are doubly degenerated due to TX = −T T X . The twofold degeneracy leads to 4nπ (not 2nπ) phase ambiguity in θ (π). The spatial inversion symmetry requires θ (0) = 0, as in Eq. (C15). In consequence, ν ± mod 2 is a Z 2 topological invariant. In the actual calculation, however, ν ± = 0 mod 2 is obtained. A nontrivial topological number in the even numbers of layers comes from ζ M , which is explained in the following section.
Wannier-center flow
Here we show examples of the Wannier-center flow and the corresponding topological number ζ M denoted in Fig.  9(a) . Figure 16 shows the Wannier-center flow around the transition from ζ M = 0 to |ζ M | = 2. For N z = 12, the Wannier center θ + in the mirror-even sector does not wind [ Figs. 16(a) and 16(b) ]. For N z = 14, on the other hand, the Wannier center goes through the branch cut (θ = ±π) twice at k ∼ 0.914π and k ∼ 0.933π. This results in the winding number of θ + is two, i.e., the corresponding topological number is given by |ζ M | = 2. Figure 17 shows the Wannier-center flow for N z = 38 and N z = 40, where the topological number changes from |ζ M | = 2 to ζ M = 0. For N z = 38, the Wannier center goes through the branch cut at k y ∼ 0.913π and k y ∼ 1.045π, i.e., the winding number is obtained to be |ζ M | = 2. On the other hand, for N z = 40, the Wannier center goes through the branch cut from above at k y ∼ 0.913π, but from below at k y ∼ 0.97π. Hence the winding number vanishes; ζ M = −1 + 1 = 0 for N z = 40.
